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The theory of multiplicative forms, developed by Pfister in the last 
decade, significantly enchanced our understanding of some arithmetical 
and algebraic aspects of quadratic forms over an arbitrary field. More 
recently, Witt [S] introduced his theory of round forms and was able to 
apply it to simplify the proofs of some of the well-known structural 
theorems about the Witt ring. Using either the local-global techniques 
[2, 31 or the algebraic theory of Pfister forms [I], complete classification 
of these round forms are achieved for certain fields. In extending this 
theory from fields to rings we prefer to adopt the geometric language of 
quadratic lattices as described in [6]. Thus, following Knebusch [4], we 
define a unimodular round form over a local field F to be a unimodular 
quadratic R-lattice (R = the ring of integers in F) L whose group S, of 
similarity norms coincides with the set Q(Lx) of units represented by 
L. So, in particular, L represents 1. This note classifies all such unimodular 
round forms. The interrelation between the quadratic defect of the dis- 
criminant of L with the weight ideal of L is crucial. Generally, our notations 
and terminology will follow 161. However, we shall call a space or lattice 
elliptic if it does not have an isotropic vector (the word anisotropic is too 
difficult to pronounce). Also, by the discriminant dL. of L, we means its 
“signed determinant;” namely, if n = dim(L) then dL = (- l)(la/z) det(L). 
Throughout let L denote a unimodular R-lattice with discriminant 
d, Q the associated quadratic form, U the group of units in R, P = TR 
the maximal ideal, gL the norm group of L, bR the weight ideal of L, 
d the unique (modulo squares) unit of (quadratic) defect D(a) = 4R, 
e the ramification index of 2, Q(LX) the set of units represented by L-this 
set can, of course, be empty if F is dyadic, SL = {v E U 1 yL g L}. 
Clearly, if L represents 1 then S, is contained in Q(Lx). When F is 
non-dyadic, the theory of unimodular lattices is trivial and one sees 
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immediately that L is round if and only if L is either (1) or dim(L) is 
even. Also, in this case (and also in the case when F is unramified dyadic) 
a unimodular PGster form (or lattice) L = @ (1, ci) is isotropic if and 
only if L is hyperbolic; this is not so in the general dyadic situation. 
Henceforth, we shall confine ourselves to the dyadic case. 
i. Pfister forms are always round. To see this, let L be Pfister, then 
F @ L is round over F in the sense of Witt [5]. For every u E Q(Lx), 
g(uL) = u(gL) = gL. Hence, L s uL by [6], Theorem 93 : 16. 
ii. Two Pfister forms L = @ (1, ci), K = @ (1, bi) of the same 
dimension 2” are equivalent if and only if: (1) F @ L G F @ K, and (2) 
C II = C D(bi) mod 2R, whenever n 3 2. [Note that (1) occurs if and 
only if: when n = 1, D(c,b,) = 0; when n = 2, the Hilbert symbols agree 
t-1 9 -cd = t--b, 9 -b,); when n 2 3, always.] This follows from a 
routine computation of norm groups again. 
iii. There is a PJister form L of any prescribed (2-power) dimension 
2” and any prescribed norm group gL between R2 + 2R and R (when 
n > 0). More importantly, for n > 1 any space V supporting one PBster 
form supports every Pjster form with any prescribed norm group 
between R2 t 2R and R, except for the single instance when n = 2, 
gL = R2 + 2R, F is wildly ramified, and the supporting space V is the 
unique 4-dimensional elliptic space. To see this, for n > 1 the first 
assertion follows from the second. Suppose then first that n > 3, then the 
space V must necessarily be hyperbolic. Let gL = R2 + bR, then we 
simply choose our L to be the lattice A(1, 0) 1 A(b, 0) 1 . . . . similarly 
for the case n = 2 and V hyperbolic. So, let V be the unique 4-dimensional 
elliptic space on F, and again suppose the prescribed norm group is 
R2 + bR. If ord(b) < e, then ord(b) is odd. Write L = (1, -(I + b)) @ 
(1, -c). In order that F @ L is equivalent to V, it is necessary and suffi- 
cient that the Hilbert symbol (1 + b, c) = - 1, and in order that gL = 
R2 + bR, it is necessary and sufficient that the defect D(c) be contained 
in bR. Such a unit c exists (see (viii) below). If F is tamely ramified (i.e., e is 
odd) and bR = 211, again (viii) shows such a unit c exists. On the other 
hand, when b = 2 and the ramification is wild, then any Phster lattice L 
of dimension four must necessarily be of the type L = A(0, 0) 1 . . . . and 
so cannot sit on the elliptic space V. For n = 1, choosing a unit c suitably, 
L = (I, c) satisfies the first assertion. [Note that different choices of norm 
groups correspond to different spaces F @ L in this latter case.] 
iv. L = (1) is always round. For dim(L) = 2, L is round if and 
only if L is Pfister. There is no odd dimensional roundform L with dim(L) > 1. 
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This is because if there were one, then L must represent only those units 
that are already squares; in particular, L is equivalent to the diagonal 
lattice dim(L) @ (1). But, the unit d, being a sum of two squares, is 
represented by L. A contradiction. 
v. The higher dimensional cases reduce to the bdimensional situation. 
Indeed, if dim(L) > 6, then L = A(0, 0) 1 . . . 1 A(0, 0) i L, , where L, , 
via the cancellation law, is the unique (up to isometry) 4-dimensional 
sublattice. Clearly, gL = gL, and Q(LX) = Q(Ldx) = gL n U. Therefore, 
L is round if and only if L, is round. Let X, y be positive integers, if either 
x or y is even, we have (I”) E (“2) + (“2) (mod 2). Hence, the discriminant 
function is always 1 on hyperbolic lattices. This implies d = d, = dL., , 
so that it follows from (x) below that L is round if and only if L represents 
1 and Q(Lx) is contained in Q((1, -d),). 
Before dealing with the 4-dimensional case, we need to analyze the 
group U/U2 = V as a bilinear space over the field F, with two elements 
with respect to the additive Hilbert symbol [,] = log-,a (,). In this 
direction we also discuss an algorithm which yields a dual basis when a 
specific basis is given on V/Rad(V). 
vi. V is a singular bilinear space with Rad( V) being the l-dimensional 
subspace generated by d. Obviously, d lies in Rad(V), see [6], 63 : 1 la. 
Suppose d # u Rad(V). We may write (modulo squares) u as 1 + ++ly, 
y a unit and s < e. Furthermore, we may suppose that [u, q] = 1 since 
otherwise [u, x] = 0 for every nonzero field element x, which implies zl 
must be a square to begin with; a contradiction. Hence, [u, any prime] = 1. 
But, by direct computation, [u, -7ry] = 0. 
vii. Since the group index [U : Uz] is 2(NP)” = 2ef+1, one sees that 
the dimension of W = V/Rad(V) as a vector space over F, is precisely the 
iocaljeld degree [F : Q.J. It is also observed that the Stufe s(F) of F is 4 if 
and only if the Arf invariant Arf( W) for W is 1. 
viii. We ask here the question: Given w  in W, how does one find 
explicitly a unit c such that [w, c] = l? This can be answered as follows: 
Let w = 1 + +y, j y ( = 1, and t odd and less than e. Then, c = 
7ry(w - LlyTP+1 provides the solution. Modulo squares, u’ can be so 
expressed as above. The binary quadratic space (d - ~3, w)~ has for 
its determinant a prime element as the order ord(d - M?) = t is odd, and 
since it represents d, it cannot represent 1, see [6], 63 : 11. Therefore, 
[d - w, w] = 1. On the other hand, clearly [w, -rry] = 0 so that 
[w, c] = 1. Notice that if we write d = 1 - 4p, then c/y” = 1 + 4p(79y)-l. 
Observe too that the defect D(w) = Pt while the defect D(c) = 4Pet = P4e--t. 
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ix. An algorithm for finding dual basis. Given a basis X=(x, ,.. ., x,} 
for W, we use (viii) to find cr with [x1 , c,] = 1. If [x3 , cl] = 1, we 
substitute xj with x,xj . Proceed this forj = 2,..., n. We suppose therefore 
we have arrived at a basis Y = {vl ,..., JJ,} wherey, = x, and bi, cj]=6,. 
The transition from X to Y can be kept traced via elementary transforma- 
tions. Next, we continue with finding a c2 for yz using (viii). Again, we 
check for hi , cz] = 1, and upon finding one we replace yi with ygi for 
i # 2. Finally, we arrive at two bases 2 = {zr ,..., z,] and C = {cr ,..., c,> 
which are dual to each other. As the sequence of transitional elementary 
transformations are being kept traced, it gives us a nonsingular transforma- 
tion T which carries X to Z. Consequently, the adjoint transformation 
T&d] will provide us with a dual basis x’ from C. 
We now return to the discussion of unimodular round forms. We 
assume below L is a quaternary unimodular lattice with discriminant d, 
and L represents 1. If d = 1, then L must be Pfister and hence round by (i); 
moreover, by (iii) the norm group for L can have almost any admissible 
value. 
x. Let d # 1. The space F @ L = V has Witt index 1. Since 
gL = Q(L), we have g(uL) = gL for every u E Q(U), so that by [6], 
93 : 16, L is round if and only if UT/ G Y for every such U. This occurs 
provided their Hasse symbols agree. Express V = (1, -1)r 1 M, 
where M is either (1, -d), or a( I, -d)p for some nonzero element a not 
belonging to Q((1, -d),). If u E Q(Lx), clearly uV z V if and only 
if UM s M, and therefore if and only if u lies in Q((l, -d)F). Sum- 
marizing, we have: A quaternary unimodular lattice L with discriminant d 
is round if and only if: (1) L represents 1, and (2) Q(Lx) is contained in 
Q((l, -d),). In particular, every quaternary unimodular lattice L which 
represents 1 is round if d is either 1 or A. 
xi. If F is unramified (more generally, if gL = R), there is no quaternary 
unimodular round form with discriminant d # 1, A. This follows because 
by (viii) there is a unit c satisfying [d, c] = 1 so that Q(LX) = U is not 
contained in Q((1, -d)F). More generally, if the quadratic defect of the 
discriminant is suficiently large, say, large enough so as to have 4D(d)-l 
contained in the weight ideal bR, then L cannot be round. For, gL would then 
contain a unit in 1 + bR > 1 + 40(d)-* which is not representable by the 
binary space (1, -d), by (viii). The defect D(d) will always lie in bR 
whenever L represents 1, and bR always contains 2R. For example, if 
D(d) 2 2R, then 4D(d)-l _C 2R _C bR. Thus, the controlling factors are the 
relative sizes of the defect D(d) and the weight bR for L. 
UNIMODULAR ROUND FORMS 447 
REFERENCES 
1. R. ELMAN, Rund forms over real algebraic function fields in one variable, preprint. 
2. J. S. HSIA AND R. P. JOHNSON, Round and group quadratic forms over global fields, 
J. Number Theory 5 (1973), 356-366. 
3. J. S. HSIA AND R. P. JOHNSON, Round and Pfister forms over R(t), Pacific J. Math. 
(in press). 
4. M. KNEBUSCH, Runde Formen i.iber semi-lokalen Ringen, M&z. Ann. 193 (1971), 
21-34. 
5. F. LORENZ, “Quadratische Formen i,iber KGrpern.” Springer Lecture Series No. 130, 
Berlin, 1970. 
6. 0. T. O’MEARA, “Introduction to Quadratic Forms.” Springer-Verlag, New York, 
1963. 
